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On track vehicle systems, track pads are designed to provide traction and support 
the weight of the vehicle, they have limited service life due to common failure by 
blowout. According to the literature, blowout is a failure mode caused by overheating due 
to hysteresis in elastomeric materials during high speed operations. Elastomers are used 
primarily for their high compliance, which is essential to protect the suspension 
components and maintain structural integrity of the track pad. The objective of the work 
is to explore the use of linear elastic meta-materials with optimized topology to replace 
elastomers and reduce or eliminate the effect of hysteretic loss. 
This work presents a methodology to design an alternate meta-material that can 
provide some of the desired elastic properties of the track pads. To determine the 
requirements for linear elastic meta-materials, dynamic analyses of a rollover event were 
conducted. From these analyses the complex dependence of the strain history on different 
strain components is understood. Due to the non-linearity of elastomers, tangent stiffness 
matrices are required to update the stress states at different strain increments. The 
elasticity tensors (tangent operators) determined at a set of strain levels, are used as 
prescribed constitutive parameters to tailor the meta-material unit-cell topology. The 
optimal material properties according to which the elastomeric track pad is designed with 
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1.1. Tank track pad systems and components 
The M1 Abrams is an American third-generation main battle tank produced by the 
United States. Highly mobile, designed for modern armored ground warfare, the M1 is 
well armed and heavily armored. Three main versions of the M1 Abrams have been 
deployed, the M1, M1A1 and M1A2, incorporating improved armament, protection and 
electronics [2].  
There are three basic types of tracks for the M1; T156, T158 and the T158LL. 
The T156 track pad has a non-removable intergraded rubber pad as shown in Figure 1.1 
and is the lightest of the three models but has very low track life of about 700 to 800 
miles.  
 




The T158 system consists of forged steel links with replaceable rubber pads that 
are bonded and bolted to both sides of the steel link. The T158 adds more weight to the 
tank but has a longer life than T156. 
 
Figure 1.2: T158 track system with webbed center guide [2] 
 
The T158LL utilizes the exact same track pads as the T158 and is an attempt to 
reduce the weight of the T158. The T158LL can be distinguished from the older T158 by 
looking at the center guides. The center guides on the T158LL are hollow at the center as 
opposed to a webbed design in the T158. The current configuration of the T158LL track 








Figure 1.4: T158LL track pad components [2] 
 
1.2. Motivation for high durability and structural integrity 
The track pad of a tank consists of a homogenous rubber pad bonded to a steel 
backing plate. In a general sense the pad carries out functions similar to those of a 
pneumatic tire used on off-road highway equipment. The pad is designed to provide 
traction and must support the weight of the vehicle, so the pad’s surface is subjected to 
both shear and compressive loadings. In addition track pads are considered a peacetime 
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necessity and protect existing road surfaces as the tank passes over them. Track pads also 
serve as a sound deadening device [27].  
The current material that is used to manufacture the T158LL tank track pads is a 
custom formulated, carbon black filled Styrene-Butadiene Rubber(SBR) [24]. The use of 
carbon black reinforcements improves strength and abrasion resistance of SBR [17]. The 
problem with track pads is their limited service life and high replacement costs. Tests on 
the service life of T158 track pads show that up to 2000 miles of service may be obtained 
on paved roads. However on gravel or cross country terrain, it is limited to 900 and 250 
miles respectively. In a statement issued by the Tank-automotive and Armaments 
Command (TACOM) in 1982, the annual repair and replacement costs for track rubber 
and other track vehicles were estimated to be in the range of $100,000,000, and it was 
expected to double by 1992 when the M1 main battle tank was fully implemented into the 
Army inventory [19].  
The failure processes that most severely limit service life in track pads are 
chunking, cutting and blowout [22]. Cutting is a result of road hazards such as rocks or 
other rigid obstacles that produce localized loads on the pads. Chunking can result when 
these cuts are propagated to failure [22]. During relatively high-speed operations over a 
considerable period of time, there is overheating and loss of strength due to internal heat 
generated by hysteretic loss in the rubber material used in track pads. This mode of 
failure is called blowout.  
When a tank is in motion, the rubber track pads undergo shear and compressive 
deformations as they contact the ground surface and as they pass the region directly 
beneath the wheels of the vehicle. The event during which the road wheel travels over the 
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track pad is called rollover.  The compressive deformations applied to track pads during 
rollover could be schematically represented as follows: 
 
Figure 1.5: Deformation and rest period during one complete rollover event [22] 
 
During the deformation period a certain amount of the mechanical work is 
dissipated into heat due to the hysteretic properties of elastomers. Hysteresis is a 
characteristic of viscoelastic materials where a portion of the stored strain energy is 
recovered during unloading whereas the rest is converted to heat. Testing reveals that 
very high surface temperatures, as seen in Figure 1.6 are developed in the track pads [29]. 
A typical stress-strain curve for a viscoelastic material subject to cyclic loading is 
shown in Figure 1.7 (left), where the area of the shaded region represents the magnitude 





Figure 1.6: Infrared measurements from M1 Abrams tank [29] 
  
 
Figure 1.7: Stress-strain curve of a viscoelastic material with hysteretic loss (left) [11] 
and linear elastic material without hysteretic loss (right) 
 
In general, elastomers are used in track pads because of their highly compliant 
nature exhibiting high strains at low stress levels. This compliance is essential for 
providing a cushioning effect between road wheels and track components, maintaining 
the structural integrity of tank track pads under high cycles of fatigue and ride comfort. 
However, elastomers demonstrate hysteretic loss due to their viscoelastic nature.  
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The loss coefficient is another important material parameter in cyclic loading. It is 
the fraction of energy lost in a stress-strain cycle. A high loss coefficient is desirable for 
damping vibrations whereas a low loss coefficient material transmits energy more 
efficiently. The loss coefficient is also an important factor in resisting fatigue failure. If 
the loss coefficient is too high, cyclic loading will dissipate energy into the material 
leading to fatigue failure.  
Driven by this challenge posed by the existing viscoelastic track pad material and 
the need to increase durability of track pads, this research explores a methodology to 
design an alternate material that can provide some of the desired properties of the current 
track pads while also improving their structural properties under extreme loading 
conditions. 
 
1.3. Motivation for meta-materials requirement determination 
The T158LL [24] track pad assembly used in the M1 Abrams military tank is 
considered for the current research. The structure consists of a number of elastomeric 
components such as the backer pad, ground pad and pin.  
In the current research, we propose to significantly reduce and possibly eliminate 
the hysteretic losses associated with the backer pad and ground pad by using linear elastic 
materials which are inherently non-hysteretic as shown in Figure 1.7 (right). However, 
the Elastic Modulus of elastomeric materials generally lies between 2MPa and 20MPa, 
which is several orders of magnitude less than that of linear elastic materials such as 




Figure 1.8: Ashby chart: Loss coefficient vs Young’s modulus [6] 
 
A low effective elastic modulus is required to achieve the compliance level 
provided by elastomers since compliance is inversely proportional to the elastic modulus. 
The challenge to design and manufacture low effective elastic moduli track pad and 
minimal loss coefficients to dampen vibrations as well as efficiently transmit energy 
using linear elastic materials motivates the development of specifically designed 
materials known as meta-materials. They are engineered materials with exceptional 
properties usually not encountered in nature [32]. The properties desired can be 
understood from the Ashby chart in Figure 1.10. The material parameters such as elastic 
moduli and Poisson’s ratio of a linear elastic material, which lead to the behavior 
depicted by the meta-material region described in the Ashby chart, need to be 
determined. In this thesis, the focus of research is on a methodology to determine meta-






1.4. Research questions and hypotheses 
The main focus of the work is directed to answer one question: What are the 
material properties of a linear meta-material undergoing loads occurring in the tank track 
pad under various conditions such that its structural response is similar to that of the 
currently used elastomer? 
To answer this question, the following sub questions are derived, 
a. What stress conditions contribute to failure in track pad? What are the 
maximum and minimum values of stress or strain to be set as targets? 
b. How can elastic properties of meta-materials be determined to satisfy these 
values? 
The research questions are addressed by the following hypotheses to be confirmed 
in this thesis, 
a. Failure in track pad is due to the cyclic compressive load on track pad exerted 
by road wheel during rollover event. 
b. Elastic properties of meta-material can be determined by developing stiffness 
matrices based on elastomer material behavior.   
 
1.5. Literature Review 
Tank track pads have been investigated by the army for a very long time to 
improve their durability. Early work on improving track pad performance mainly 
concentrated on enhancing elastomer properties by using fillers and reinforcements. The 
work represented in [27] recommends that the track pad design should be directed 
towards minimizing temperature build up because of its extreme importance in cut 
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growth. Cut growth is the rate at which the size of a cut or penetration in track pad 
increases. Cut growth was found to depend on the temperature of the track pad in a 
highly non-linear fashion [27]. Certain guidelines are specified in [27] for including 
compounding ingredients, taking different operating variables into consideration and 
developing statistical testing techniques to optimize the compound, processing and 
ultimate properties. [19] and [20] explore the use of elastomers other than SBR and 
provide results from test data explaining improved wear resistance. In [19] the use of 
specially formulated polyurethane elastomers was demonstrated and showed that track 
pads with better wear resistance could be developed. In [20], a ‘tri-blend’ rubber-fiber 
composite based on a blend of natural rubber, butadiene-styrene rubber and 
polybutadiene rubber with Kevlar 29 as the aramid fiber in the composite was used to 
demonstrate improved durability to cutting and chunking as well as abrasive wear.  
The work in [22] stresses the importance of field evaluation of tank track pad 
failures to obtain information that can be used to extend the service life. Temperature 
measurements were conducted for the first time in [22] and they revealed that internal 
temperatures were highest in cross-country tests and lowest in paved surface tests. This is 
because the heat generation rates were highest in cross-country tests and lowest in the 
paved surface tests despite the fact that speeds during cross-country testing were lower 
than other tests. The high heat generation is attributed to large deformations encountered 
by track pads as the tank climbed hills and negotiated obstacles. Also heat generation 
rates decrease as the temperature of the pads increase. This is because the viscoelastic 
material parameters decrease as the temperature increases [21]. Thus, for a given SBR 
track pad formulation, the heat generation rate depends on both amount of pad 
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deformation and vehicle speed and the heat generation rate is the primary driver for the 
internal temperatures in track pads.  
Field evaluation of track pads further revealed the development of tensile stresses 
and their effect on cut growth [16, 23]. Though track pads are mainly deformed by 
compressive loads, tensile stresses of significant magnitude are experienced when track 
pads encounter obstacles. Tensile stresses were also produced by localized loads from 
rigid obstacles and from large applied shear stresses produced during turning operations 
[23]. Use of elastomers in high load bearing applications such as motor and machine 
mounts, bridge bearing elements and vehicular suspension brought forward several 
design considerations as summarized in [9], [14] and [30]. In [37], a study on maximum 
permissible loads shows that the most serious stress is the maximum shear stress set up at 
the edges of the bonded surface of rubber and steel link when subjected to compressive 
deformation. A limit on the maximum compressive load may be calculated by assuming 
that the shear stresses at the bonded edges is less than the shear modulus of the elastomer, 
i.e. the maximum shear strain should be less than 100 percent.  
The complex loading and stress mechanisms led to the development of 
computational models to study track pad behavior under various loading conditions. The 
first computer models of tank track pads were developed in 1985 [21]. Computer 
modelling enables the evaluation of the influence of track design, elastomer formulation 
and operating scenario on the response of the track pads. In [21], two models were 
developed; the first, a mechanical model, was used to examine the stresses and the 
irreversible mechanical work done in the various rubber portions of the track. Another 
thermal model was used to evaluate the temperatures developed during operation of the 
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vehicle. From the stresses in the mechanical model, the mechanical work done was 
determined. The mechanical work done represents the strain energy stored in the rubber. 
The strain energy can be used to calculate the heat generation rate. It was observed that 
the work done was maximum in the ground pad underneath the steel link.  
In [29], loading distribution data for a static vehicle was collected and used to 
propose design changes based on component testing. A 3D suspension model was 
developed to calculate the optimum camber angle for uniform load distribution over track 
pads. A dynamic 2D road wheel on track assembly model estimated change in component 
life due to change in strain field resulting from the change in loading. A reduction in load 
of 50 percent resulted in a reduction of principal strains of approximately 33 percent. 
Thus the work showed a direct relationship between the applied load and the developed 
strain field, which means that by achieving an optimum camber angle, the strain 
imbalance is reduced and the life of track pad is increased.  
Extending on this research, a fatigue solver was used in [24] to estimate damage 
accumulation in the track pad and to identify the region in the track pad with minimum 
life.  The 2D FEA of road wheel on track assembly developed in [29] is used in the work 
presented in this thesis, to determine stresses and strain history developed in the track pad 
during a single rollover event. The stresses and strain history developed in the area with 
minimum life recognized in [24] are of particular interest and are used in this current 
research to determine the targets for linear elastic meta-materials. 
Although there is significant contribution in the development of tank track pad 
material, to our knowledge, the work has not been extended beyond the testing for track 
pad failure modes and exploration of elastomeric materials compounded with filler 
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materials to improve wear resistance and durability. This thesis presents work on the 
requirements determination of the tank track pad through a systematic approach. 
Numerical tests in the form of FEA models simulating Uniaxial Tension, Planar Tension 
and Equibiaxial tension will be used to determine stress at each strain level by using a 
hyperelastic material model for elastomers. An approach to determine meta-material 
requirements on the shear beam of a non-pneumatic wheel was successfully performed in 
[35]. At each strain level, stiffness matrices are determined in this work, which can be 
used as prescribed constitutive properties to tailor the topology of meta-material at 
overall system level [35] and at bottom (unit-cell) level optimized to ensure connectivity 
[12]. At the system level, optimal designs in which elastomeric track pads are designed 
with linear elastic material are identified. In future work, using the results of the system 
optimization, the bottom level topology optimization may be attempted using different 
linear materials similar to the work presented in [12].  
 
1.6. Thesis organization 
The thesis is organized into five chapters. The detailed finite element modelling 
of the tank track pad is presented in Chapter 2. Mesh convergence studies to reduce finite 
element simulation runtime are discussed as well. Results from static analyses on tank 
track pads are discussed in the same chapter. In Chapter 3, methods to determine elastic 
material parameters of meta-materials are detailed. In Chapter 4 the application of the 
method best suited to determine material requirements for the tank track problem is 








FINITE ELEMENT MODELLING OF TANK TRACK PAD  
 
 
2.1 Material modeling 
In the field of Mechanics, hyperelastic material models are used to describe the 
behavior of elastomers. The constitutive behavior of a hyperelastic material is defined as 
a total stress – total strain relationship rather than as a rate formulation of history-
dependent materials [1]. The Ogden material model is a hyperelastic material model used 
to describe the non-linear stress strain behavior of complex materials such as rubbers, 
polymers and biological tissues. The Ogden model assumes that material behavior can be 
described by means of a strain energy density function, from which stress-strain 
relationships can be derived. The materials described by the Ogden model are generally 
considered to be isotropic, incompressible and strain rate independent [4].  
The Ogden model strain energy potential is expressed in terms of the principal 
stretches which is an advantage because the principal stretches are directly related to the 
principal strains. For the purpose of the present analysis, a 2-term Ogden hyperelastic law 
has been selected to represent the rubber’s stress-strain behavior. Using the 2-term Ogden 
model, an accurate representation was achieved for all modes of deformation at all the 
strain levels in [24].  The fit of the resulting stress-strain model which was obtained in 
[24] is shown in Figure 2.1 for three typical modes of straining: simple tension, planar 
tension (or pure shear) and equibiaxial tension. The material model parameters derived 
from the fitting process are summarized in Table 2.1. The hyperelastic material 
parameters determined in [24] for this model, were validated in this work by conducting 
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simple numerical stress tests using finite element models. The stress values for a given 
strain obtained from the FEA corresponded to the stress-strain values in [24].  A linear 
elastic isotropic model is used for steel plate.  
Figure 2.1: Experimental and fitted Stress-Strain curves [24] 
 




Material model Properties 
Steel Plate Linear Isotropic Elastic Density = 7850 kg/m
3 
E = 210000 MPa 
ν = 0.3 
Track Pads 2
nd
 Order Ogden Hyperelastic µ1 = 2.275319 MPa 
µ2 = 0.054452 MPa 
α1 = -1.00837 
α2 = 7.863497 
 
































2.2 Finite Element modelling  
 





A detailed description of the finite element models and analysis procedures that 
simulate a loaded track pad on flat ground and a rollover event where the road wheel 
passes over the track pad are presented in this section. Abaqus/CAE 6.10, a commercial 
Finite Element Analysis (FEA) tool is used to investigate the static and dynamic 
responses of the tank track pad. The structural analysis is simplified and considered to be 
a 2-D plane strain problem. The purpose of this analysis is only to understand the nature 
of the stresses and strains developed in the track pad and the 2-D model is sufficient to 
determine the stress-strain distributions in the track pad. There are no out of plane loads 
acting on the track pad which allows for simplifying the problem as 2-D plane strain or 
plane stress problem. Since the geometry of the track pad is such that its geometry is 
considerably large in the z-direction the problem has to be considered to be a plane strain 
problem. The forces remain constant in the z-direction, i.e. the effects of camber or 
displacement of road wheel in z-direction are not considered. Therefore, in this problem 
the loads in the z-direction are assumed to be uniformly distributed and acting 
perpendicular to the z-axis. The 2-D analysis represents a simple approximation of the 
tank track pad problem. The advantage of using a 2-D analysis is that it allows for 
numerous very fast “proving runs” which can be expanded to include more complex and 
detailed models [5]. The 2-D analysis shown in this work provides a good representation 
of the loading and boundary conditions on the track pads, and can be used as a good 
platform to expand to a 3-D analysis.  
An illustration of the track pad assembly is provided in Figure 2.2, in which the 
track backer pad, ground pad, steel plate and road wheel are modelled with bilinear plane 
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strain elements (CPE4 in Abaqus). A steel plate with binocular structure is the basic 
framework of the track pad assembly as shown in Figure 2.2. The backer pad and ground 
pad are built around this basic framework. The geometries of the backer pad and ground 
pad can be understood from Figure 2.2 and 2.3. The width of the wheel and track pad is 
304.8 mm and it is measured perpendicular to the plane of the paper. The hub and wheel 
diameter are 100.96 mm and 558.8 mm as shown in Figure 2.3. A 25.4 mm thick rubber 
layer covers the outer surface of the road wheel. The spindle of the road wheel is created 
by creating a reference point (RP-4) on the center of the wheel. The nodes on the inner 
surface of the road wheel surrounding RP-4 are connected to the center of the road wheel 
by kinematic coupling constraints simulating a rigid hub. See Figure 2.4 for the location 
of RP-4 and the kinematic coupling.  
 
Figure 2.3: Track pad geometry (in mm) 
 
Common nodes as shown in Figure 2.5 (left) are specified between the lower 
surface of backer pad and steel plate and between the upper surface of ground pad and 
lower surface of steel plate. Common nodes are specified between the outer surface of 
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road wheel and inner surface of rubber layer around the road wheel. Common nodes are 
used to simulate the bonds between the steel and elastomer surfaces. A surface-to-surface 
contact is defined between the road wheel rubber layer and the track backer pad to 
capture the interaction between the two.  Penalty friction formulation with a 0.85 
coefficient of friction and hard friction formulation are used to model tangential and 
normal contact behavior respectively. This contact is illustrated in Figure 2.5 (right). A 
surface-to-surface contact with rough and hard friction formulation is used to model the 
tangential and normal contact behavior between ground pad and road surface. Since 
material non-linearity exists in the model and geometric non-linearity is expected during 
analysis, large-displacement formulation is used. Maximum nominal strain, maximum 
nominal stress and strain history in elastomers regions are some of the key responses 
extracted from the Finite Element Analyses of the simulation models described in this 
section. 
 





Figure 2.5: Common nodes between steel and elastomer surfaces (left) and Surface 
contacts (right) 
 
2.3 Mesh study 
In finite element (FE) modeling, a good quality mesh is essential to obtain more 
accurate solutions [5]. Shape quality of elements such as aspect ratios and internal angles 
strongly affect the solution. Poorly shaped elements reduce the accuracy of the FE 
solution. Since the track pad geometry has a complex shape, there is not much control 
over the shape of the elements. This makes choosing the size of the elements very 
important. Element density is a critical mesh parameter. The element size should be 
adjusted to capture accurate gradients in the solution. However, with increased mesh 
density, the computational time also increases. In the current work, a mesh convergence 
study is performed to find an efficient mesh size required for the elastomer regions to 
obtain an acceptable tradeoff between accuracy and computational effort. As described in 
Section 2.2, the track pad and road wheel regions are modeled using 2D linear 
quadrilateral elements. Since certain boundary conditions exist between steel and 
elastomer regions, the focus of the study is towards the mesh size optimization of both 
regions. However the mesh size of the steel region in the road wheel can be considerably 
larger since the stress and strain variation is small. The study is conducted on the model 
described in Sections 2.2 and 2.3 used for the static analysis. The finite element 
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simulations were executed using Abaqus/CAE v6.10 on an Intel i5 2.3GHz processor 
with 4.0 GB RAM.  
The road wheel is partitioned into two regions as shown in Figure 2.6. Region 2 
(R2), the steel region in road wheel, is meshed with coarse elements and region 1(R1) is 
meshed with fine elements. This is done to reduce computational effort on less significant 
areas. In the track pad, all 3 regions (T1, T2 and T3) are meshed with fine elements. The 
elastomer regions are the main areas of interest in this work, however the steel plate is the 
main framework around which the track pad is built so the response of the steel plate is 
equally important, thus, this region is meshed using finer elements as well.  
In order to determine appropriate mesh size, a series of numerical experiments 
were conducted. The maximum principal nominal strain and the simulation time 
(wallclock time) are the response parameters that were observed. The corresponding 
results, which are considered as a converged FEA solution, are used as a benchmark for 
comparison purposes. The experimental results are presented in Table 2.2. 
A plot of maximum principal nominal strain and simulation time versus mesh size 
is shown in Figure 2.7. The value of the maximum principal nominal strain keeps on 
increasing with coarser mesh size. The convergence of the maximum principal nominal 
strain can be seen from the plot. It is observed that a mesh size of 1mm has reduced the 
simulation runtime by 97.46% with only about 3% error in the maximum principal 
nominal strain when compared to a mesh size of 0.25mm. In summary, a mesh size of 








Table 2.2: Experimental observations 
 




Runtime (sec) Maximum 
principal NE 
1 0.25 10.0 14314 0.1156 
2 0.5 10.0 1585 0.1189 
3 1.0 10.0 363 0.1212 
4 2.0 10.0 246 0.1351 
5 3.0 10.0 198 0.1532 
6 4.0 10.0 163 0.1644 
7 5.0 10.0 137 0.1733 





Figure 2.7: Mesh convergence results 
 
2.4 Static analysis procedure and results 
The structural analysis of the tank track pad is conducted in a single static step 
using Abaqus/Standard implicit solver. This analysis is conducted to understand the 
structural response of the track pad under a static bearing load. Even though material 
non-linearity exists, a static analysis is conducted because, the main loading case, i.e. the 
load due to weight of the vehicle is constant and can be easily quantified. Using the static 
analysis, contact formulations, boundary conditions and structural constraints are 
verified. 





























































Assuming that the tank weighs 500,000 N and has 14 road wheels, each road 
wheel is subjected on an average to 35,000 N load at the spindle. Therefore, a vertical 
downward force of 35,000 N is applied at the center of the road wheel. Two displacement 
boundary conditions are applied, one on the lower surface of track pad and the other at 
the hub reference point (RP-4) located at the center of the wheel. The y-displacement in 
the hub reference point is free. This is to allow the vertical loading of the road wheel. The 
lower surface of the ground pad is constrained in the y-direction. The Static FEA setup 
can be understood from Figure 2.8. 
 
Figure 2.8: Static analysis setup in ABAQUS 
 
Figure 2.9 describes the strain distribution in the track pad during full 
deformation. The maximum strains occur near the bonded surface of elastomer and steel 
link when subjected to the compressive load due to the weight of the vehicle. Very high 
 
 25 
strains due to shear are developed at the edges of the bonded surface of the steel plate and 
elastomer. However due to the high compliance of the elastomer, very low stress levels 
are found throughout the elastomer region. From the stress distribution in x-direction 
shown in Figure 2.10, it can be seen that the steel plate is the main stress bearing member 
in the track pad assembly. A positive and negative stress of high magnitude in the upper 
surface and lower surface of the steel plate respectively, can be used to predict the 
deformation mechanism of the steel plate. The deformation mechanism is depicted in 
Figure 2.11. The road wheel imparts a compressive load due to the weight of the vehicle 
in the negative y-direction. Since no boundary conditions exist on the binocular structure 
of the steel plate, the compressive force exerted by the ground pad material pushes the 
binocular structure outwards thereby causing the stress distribution shown in Figure 2.10. 
The compressive load causes large deformations within the backer pad. Due to large 
relative displacement of the elastomer material and the presence of common nodes along 
bonded surface between elastomer and steel plate, large amounts of strain are developed 





Figure 2.9:  Strain contours of Nominal Strain components in (a) x-direction, (b) y-













Figure 2.11: Deformation mechanism of steel plate 
 
The static analysis was also used to determine the sensitivity of the strain 
produced in the elastomer region to change in the load applied to the road wheel. The 
maximum principal strains in the elastomer region are shown for a load of 17500N, 
35000N and 52500N in Figure 2.12.   
 





An increase of load by 50% to 52500N increased the maximum principal strain by 
31%. A decrease of load by 50% to 17500N decreased the maximum principal strain by 
48%. Therefore, by reducing the load, the principal strains are reduced, which means the 
strain energy density of the elastomer region is reduced. This might cause the theoretical 
life of the track pad to increase due to lower strain and temperatures developed in the 
elastomer region.  
 
2.5 Dynamic analysis procedure and results 
There are several reasons for moving beyond Static FEA. The compressive load 
due to the weight of the vehicle results in concentrated stresses and strains near the area 
around the bonded surface of steel and elastomer. A more accurate result will be obtained 
with dynamic non-linear analysis when the loading conditions result in concentrated 
stress or strain values. This increased accuracy is because static analyses determine 
stresses and strains based on the initial shape of the object, whereas dynamic analyses 
determine stresses and strains based on the deformed shape of the object [10]. Also, the 
material model is highly non-linear; therefore it is important to move on from static 
analysis to dynamic analysis to capture the material response more accurately. The most 
important reason is to include the highly dynamic boundary conditions on the road wheel 
during the rollover event. Therefore, non-linear dynamic FEA enables more accurate 
simulation of the rollover event and the extracted structural response will be much closer 
to the actual response of track pad during the rollover event.  
For purposes of this analysis, the track assembly is assumed to be resting on flat 
ground, which has been represented as a rigid analytical surface. The rigid surface is 
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constrained in all (three rotational and three translation) degrees of freedom (Figure 
2.13). In this simulation only one track pad is modeled. A constraint on the vertical 
degree of freedom is applied on the lower surface of the ground pad. The links between 
track pad sub-assemblies are represented via solid beams. To simulate tension in the track 
assembly, the right end of the assembly (RP-3) is kept fixed while at the other end (RP-
5), a load of 22,000 N in the negative x-direction is applied [24]. Figure 2.14 shows the 
boundary conditions and loads on the track pad.  
 
Figure 2.13: Applied boundary condition that represents flat, non-movable ground 
 
The main changes in the dynamic analysis are the inclusion of boundary 
conditions to simulate the dynamic loading conditions on the road wheel. The dynamic 
load experienced by the track pad is simulated by applying 35,000 N load to the road 
wheel spindle, and by applying a linear velocity of 19583 mm/s (i.e. corresponding to a 
road wheel rotation rate of 10 revolutions per second for a vehicle moving at 40mph). A 
angular velocity of 62.8 radians/sec (i.e. 10 revolution/sec) is also applied to the road 
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wheel in order to simulate rotation of the wheel. The boundary conditions on the road 
wheel are shown in Figure 2.15. 
 




Figure 2.15: Load and boundary conditions on road wheel 
 
In Figure 2.16, contours of maximum principal strain are plotted at different times 
as the rolling road wheel loads the backer pad. It can be seen that at time t = 0.010 
seconds, the road wheel deforms the backer pad fully, causing maximum deformation on 
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the top of the left beam joint. The beam joint is protected by the much stiffer steel plate 
onto which the backer pad is bonded. Since the road wheel is rotating and high speed and 
a friction formulation is applied in the surface contact, the backer pad material also 
deforms in shear combined with compression. The shearing effect can be observed at the 
left side of the backer pad which is slightly at an angle when not deformed. Under full 
deformation the same side is curved and moves to the left (t=0.014s).  
 
Figure 2.16: Maximum principal strain contour plots on backer pad at different times and 
the area with shortest fatigue life circle circled in white. 
 
 For illustrative purposes, Figure 2.17 displays the strain history recovered from 
an element present in the area with shortest fatigue life. This area was recognized by 
fatigue damage analysis conducted in [24] and is depicted by the circled region in Figure 
2.16. The strain history exhibits a complex dependence on all the three strain components 
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with time. The 22 component of the strain shows major compression events at 0.008s and 
0.012s with a corresponding coupled response in tension and shear. As observed from the 
static analysis, the maximum strain occurs by shear due to the compressive force exerted 
by the road wheel.  
 
Figure 2.17: History of nominal strain components during backer pad rollover event, at 
point of shortest life 
 
The strain history shows a shear stain which is approximately three times the 
strain due to compression. Due to the highly dynamic nature of road wheel, the strain 
history varies depending on where the road wheel strikes the track pad. The strain history 
is also different for different elements in the backer pad or ground pad. Irrespective of 
where the road wheel strikes the track pad, the strain history is complex in all regions and 
under all conditions and depends on all three components of strain. Therefore, the 
challenge is to estimate the cumulative effects of these strain histories and derive 
requirements for a meta-material to target this complex strain response. 
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As discussed before, a 2D analysis is sufficient only to determine the stress and 
strain contours. In real life situations, the loading conditions will be more complex as 
compared to the loading conditions used in this work. For example, highly concentrated 
tensile stresses might evolve when the track pad encounters an obstacle. Complex shear 
deformations will occur on the lower surface of the ground pad when the vehicle 
negotiates a turn on paved surfaces or cross-country terrain. The load imbalance on the 
upper surface of the backer pad due to camber angle of the road wheel also has an effect 
on the total life of the track pad. However, the main contribution of the work presented 
here is an approach to identify target material properties for meta-materials to replace 
elastomers in track pads. Therefore, this work concentrates on determining a 
methodology which is used to develop constitutive parameters that can be used to 
describe meta-material behavior for different loading conditions. Further field studies to 
identify different operational targets can be performed on track pads and validated 
experimentally. The methodology presented in this work can be applied to find 
constitutive parameters of meta-material depending upon the determined targets for 












REQUIREMENTS DETERMINATION APPROACH 
 
 
3.1 Overview  
As described in Chapter 2, the strain history has a complex dependence on all 
three load cases, i.e. tension, compression and shear, and the mode of failure of the track 
pad will not be due to a single loading stress case such as the compressive stress due to 
the weight of the tank. Therefore, multiple load scenarios must be taken into 
consideration while designing the approach to determine meta-material requirements.  
The approach presented in the following section considers certain modes of 
deformation that put the material into a particular state of strain. The main objective is to 
achieve “pure” states of strain such that the stress-strain curve represents the elastomer 
behavior only in the desired state of stress. Therefore, the material response in each case 
will not have a complex dependency on other strain components. This enables the 
determination of the requirements of a meta-material in the form of stiffness matrices for 
the particular state of strain. The stiffness matrices determined at the set of strain levels 
may be used as constitutive parameters by the topology optimizer to tailor the meta-
material unit-cell.  
 The analysis of elastomers in FEA using hyperelastic material models requires 
specimens of the subject to be stretched and stress-strain data collected. Generally three 
material tests, i.e. uniaxial tension, planar tension and equibiaxial tension, are used to 
characterize the behavior of an elastomer modelled using hyperelastic material properties. 





Order Ogden hyperelastic model to stress-strain curves obtained from the experiments 
described below. 
Uniaxial or simple tension experiments are very popular for elastomers and there 
are several standards for testing them in tension. The most significant requirement is that 
in order to achieve a state of pure tensile strain, the specimen must be much longer in the 
direction of stretching than in the width and thickness dimensions. The objective is to 
create an experiment where there is no lateral constraint to the thinning of the specimen 
[7]. Results from FEA on specimen geometry show that the specimen needs to be at least 
10 times longer than its width or thickness [36].  
The planar tension or pure shear experiment is similar to a very wide tensile test. 
However, because the material is nearly incompressible, a state of pure shear exists in the 
specimen at a 45 degree angle to the stretching direction [36]. The most significant aspect 
of the specimen used for this experiment is that it is much shorter in the direction of 
stretching than in its width. The objective is to create an experiment where the specimen 
is perfectly constrained in the lateral direction such that the entire specimen thinning 
occurs in the thickness direction.  FEA of the specimen geometry shows that the 
specimen must be at least 10 times wider than its length in the stretching direction [39].  
The experiment is very sensitive to this ratio.  
For incompressible or nearly incompressible materials, equibiaxial extension of 
specimen creates a state of strain equivalent to pure compression. Compared to the simple 
compression test, using equibiaxial test results in a more accurate material model because 
a pure state of strain can be achieved using an equibiaxial test. The equibiaxial strain state 
may be achieved by radial stretching of a circular disc [15].  
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Although the experiments are performed separately and the strain states are 
different, data from all individual experiments are used as a set to describe material 
behavior. Therefore it is very important for the specimen to be of the same material. If 
even a slight variation exists between experiments, a physically impossible material 
model may be developed in the analysis software.  
This chapter will describe the two approaches, one using orthotropic elasticity 
tensors and the other using tangent operators, which were considered to determine the 
stiffness matrices for a set of strain levels.  
 
3.2 Analytical Stress formulations 
In problems involving isotropic elasticity where the strain energy   depends on 
the invariants of the strain tensor or the principal stretches λi, the principal stretches and 
nominal stresses (First Piola-Krchoff Stress Tensor) Pi are related [40] as,  
    
  




                                                                
where p is the hydrostatic pressure which is calculated from the equilibrium equations for 
an incompressible material.  
In uniaxial tension, where the specimen is elongated in one direction, the 
corresponding stretch is chosen as λ1 = λ.  Due to incompressibility and assumption of 
isotropy, the other principal stretches are given by λ2 = λ3 = λ
-1/2
. In the principal basis, 
the deformation gradient is written as,  
     [
   
     ⁄  
      ⁄
]                                              
The resultant pressure can be calculated using the boundary conditions for i =2, 
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For Ogden hyperelastic model, the hydrostatic pressure in uniaxial tension is given as, 
       ⁄   ( 
 
 






  )                                    
From [40], the principal stresses for the first Piola-Kirchhoff stress tensor in uniaxial 
tension are, 
  
    
  





   
   
      
                                       
The resulting principal stress-stretch relations for hyperelastic material modelled using 
Ogden model in uniaxial tension is, 
  
    ∑  [ 
        
 
 
    ]      
      
                             
In equibiaxial tension, a particular case of the biaxial deformation, two principal 
λ1 = λ2 = λ stretches are equal, the last one being λ3 = λ
-2
, due to incompressibility. The 
deformation gradient expressed in the principal axes is given by,  
     [
   
   
     
]                                                   
In this particular case, two stresses   
      
   are equal and   
    . Using the 
boundary conditions at equilibrium [40], the pressure is given as, 
     
  
   
                                                                
The hydrostatic pressure for Ogden hyperelastic material under equibiaxial loading is 
given as, 
        ( 
 
 
     
 
 
     )                                            
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The first and second principal stresses for the first Piola-Kirchhoff Stress tensor in 
Equibiaxial tension can be obtained as, 
  
      
   
  





   
         
                                       
In equibiaxial tension, the resulting principal stress-stretch relations for a hyperelastic 
material modelled using Ogden model is given as, 
    
    ∑  [ 
             ]                                                  
As described in Section 3.1, the pure shear or planar tension set-up utilizes 
rectangular specimens having much larger width than length to realize a zero deformation 
perpendicular to the loading direction [38].  λ1 = λ is the principal stretch in the extension 
direction, and from incompressibility, the third principal stretch λ3 = λ
-1
. The deformation 
gradient for this condition is, 
     [
   
   
     
]                                                      
As the stress component equation   
   is zero, the pressure can be deduced from equation 
(1) as, 
     
  
   
                                                                 
Therefore, the hydrostatic pressure for Ogden hyperelastic material under pure shear 
stress state is given by, 
        ( 
 
 






    )                                      
Inserting equation (22) into equation (14) the other two principal stresses are as follows, 
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Finally, the resulting principal stress-stretch relations for pure shear stress state of the 
hyperelastic material modelled using Ogden model are given as follows [1], 
  
    ∑  [ 
            ]                                             
 
3.3 Orthotropic material modelling 
Similar to the work on the shear beam in a non-pneumatic wheel [35], orthotropic 
material modelling was considered first, to determine the linear elastic material 
parameters for the meta-material. Orthotropic material behavior is defined by the 






   
   
   
   
   






















    
  
    
  




    
  
    
  




   
   
   
   
   
   
 
 
   
     
    
 
   
 
      
 





















   
   
   
   
   






                      
 
where          are the Young’s moduli,             are Poisson’s ratios and 
            are the Shear moduli. 
In a uniaxial stress state in x-y plane,       
                         
      
The Young’s moduli and Poisson’s ratios can be obtained from the compliance matrix 
using the following relations, 
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Similarly, for uniaxial tension in remaining planes, the Young’s moduli and Poisson’s 
ratios can be obtained from the following relations, 
     
    
  
         
 
  
         
    
  
                                  
 
     
    
  
         
    
  
         
 
  
                                  
 
Under shear loading in x-y plane,        
                             . 
From the compliance matrix the shear modulus can be determined from the following, 
    
 
   
                                                             
 
Similar for shear loading in remaining planes, the shear moduli can be determined from, 
    
 
   
        
 
   
                                          
 
To obtain the orthotropic material constants at different strain levels using the above 
numerical relations, uniaxial and shear tests were performed on a 10x10x10 block 












V12 V13 E2 
(MPa) 
V21 V23 E3 
(MPa) 






0.04 6.5057 0.4776 0.4776 6.5057 0.4776 0.4776 6.5057 0.4776 0.4776 2.3295 2.3295 2.3295 
0.08 6.1091 0.4644 0.4644 6.1091 0.4644 0.4644 6.1091 0.4644 0.4644 2.3287 2.3287 2.3287 
0.12 5.7551 0.4519 0.4519 5.7551 0.4519 0.4519 5.7551 0.4519 0.4519 2.3273 2.3273 2.3273 
0.16 5.4404 0.4401 0.4401 5.4404 0.4401 0.4401 5.4404 0.4401 0.4401 2.3254 2.3254 2.3254 
0.20 5.1561 0.4290 0.4290 5.1561 0.4290 0.4290 5.1561 0.4290 0.4290 2.3230 2.3230 2.3230 
0.24 4.9015 0.4185 0.4185 4.9015 0.4185 0.4185 4.9015 0.4185 0.4185 2.3201 2.3201 2.3201 
0.28 4.6736 0.4085 0.4085 4.6736 0.4085 0.4085 4.6736 0.4085 0.4085 2.3168 2.3168 2.3168 
0.32 4.4699 0.3990 0.3990 4.4699 0.3990 0.3990 4.4699 0.3990 0.3990 2.3132 2.3132 2.3132 
0.36 4.2882 0.3900 0.3900 4.2882 0.3900 0.3900 4.2882 0.3900 0.3900 2.3093 2.3093 2.3093 
0.40 4.1268 0.3814 0.3814 4.1268 0.3814 0.3814 4.1268 0.3814 0.3814 2.3052 2.3052 2.3052 
0.44 3.9842 0.3732 0.3732 3.9842 0.3732 0.3732 3.9842 0.3732 0.3732 2.3009 2.3009 2.3009 
0.48 3.8594 0.3653 0.3653 3.8594 0.3653 0.3653 3.8594 0.3653 0.3653 2.2965 2.2965 2.2965 
0.52 3.7513 0.3578 0.3578 3.7513 0.3578 0.3578 3.7513 0.3578 0.3578 2.2922 2.2922 2.2922 
0.56 3.6591 0.3506 0.3506 3.6591 0.3506 0.3506 3.6591 0.3506 0.3506 2.2880 2.2880 2.2880 
0.60 3.5822 0.3437 0.3437 3.5822 0.3437 0.3437 3.5822 0.3437 0.3437 2.2841 2.2841 2.2841 
0.64 3.5203 0.3371 0.3371 3.5203 0.3371 0.3371 3.5203 0.3371 0.3371 2.2805 2.2805 2.2805 
0.68 3.4729 0.3307 0.3307 3.4729 0.3307 0.3307 3.4729 0.3307 0.3307 2.2775 2.2775 2.2775 
0.72 3.4398 0.3246 0.3246 3.4398 0.3246 0.3246 3.4398 0.3246 0.3246 2.2750 2.2750 2.2750 
0.76 3.4208 0.3186 0.3186 3.4208 0.3186 0.3186 3.4208 0.3186 0.3186 2.2734 2.2734 2.2734 




It was observed that the values of the Young’s moduli and Poisson’s ratio 
obtained from the method could not fit the hyperelastic stress-stretch data for equibiaxial 
tension. For an orthotropic material in equibiaxial tension             =     






   
   
   
   
   






















    
  
    
  




    
  
    
  




   
   
   
   
   
   
 
 
   
     
    
 
   
 
      
 





















   










                     
 
     
      
  
       
  
      
                                  
 
In Figure 3.1 the curves for equibiaxial tension using hyperelastic and orthotropic 




Figure 3.1: Equibiaxial Stress-Strain curves for orthotropic and hyperelastic model 
 
 
The hyperelastic data was plotted using the following relation, 
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     )                                    
The orthotropic data was plotted using the following relation, 
   
  
      
                              
where,   and     were obtained from equation (18). 




























New orthotropic material constants were derived for equibiaxial tension, by using 
the compliance matrices. The following relations were used. 
For hyperelastic material in uniaxial tension, 
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For orthotropic material in uniaxial tension, 
     
 
  
          
   
   
        
                                    
For hyperelastic material in equibiaxial tension, 
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For orthotropic model in equibiaxial tension, 
     
      
  
         
                                           
       
   
 
                                                      


















0.04 6.5057 0.4776 6.5057 0.5122 
0.08 6.1091 0.4644 6.1091 0.5244 
0.12 5.7551 0.4519 5.7551 0.5364 
0.16 5.4404 0.4401 5.4404 0.5480 
0.20 5.1561 0.4290 5.1561 0.5590 
0.24 4.9015 0.4185 4.9015 0.5695 
0.28 4.6736 0.4085 4.6736 0.5792 
0.32 4.4699 0.3990 4.4699 0.5883 
0.36 4.2882 0.3900 4.2882 0.5967 
0.40 4.1268 0.3814 4.1268 0.6044 
0.44 3.9842 0.3732 3.9842 0.6113 
0.48 3.8594 0.3653 3.8594 0.6174 
0.52 3.7513 0.3578 3.7513 0.6228 
0.56 3.6591 0.3506 3.6591 0.6273 
0.60 3.5822 0.3437 3.5822 0.6310 
0.64 3.5203 0.3371 3.5203 0.6338 
0.68 3.4729 0.3307 3.4729 0.6357 
0.72 3.4398 0.3246 3.4398 0.6366 
0.76 3.4208 0.3186 3.4208 0.6367 
0.80 3.4160 0.3130 3.4160 0.6358 
 
Since the hyperelastic model considers that the material is isotropic, the elastic moduli at 
a particular strain level are all equal as observed in Table 3.1. However these material 
constants could not be used to fit the hyperelastic data in equibiaxial tension. The 
Poisson’s ratio determined for equibiaxial tension using orthotropic model are given in 
Table 3.2. Clearly these values are not physically feasible because -1 < ν < 0.5. Therefore 
the constants determined using orthotropic stiffness matrices cannot be used to determine 
material properties of linear elastic meta-materials. The reason the orthotropic model 
could be successfully. However that is not the case in the tank track pad problem. 
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Therefore, an alternate approach using Tangent Elasticity tensors is considered for this 
problem. 
 
3.4 Tangent Elasticity operators 
Due the highly non-linear nature of the elastomer, finding meta-material 
requirements is a difficult task. The process of linearizing the constitutive equations used 
to determine the material behavior of elastomers is very important in the process of 
deriving the requirements for linear elastic meta-material. In order to obtain solutions of 
non-linear problems in computational finite elasticity and inelasticity, a strategy based on 
so-called incremental or iterative solution techniques is frequently applied to solve a 
sequence of linearized problems [18]. This strategy requires the knowledge of the 
incremental constitutive relations in material or spatial directions.  
A hyperelastic material is an elastic material for which a scalar strain energy 
function ψ exists. Such a function usually depends on deformation tensors like the left or 
right Cauchy- Green tensor C = F
T
F, where F is the deformation gradient tensor. If the 
material is isotropic, the strain energy ψ can be expressed in terms of the invariants of 
these strain tensors or directly dependent on the principle stretches which are the square 
roots of the eigenvalues of C [18]. From [34], the conjugate stress tensor or the second 
Piola-Kirchoff stress tensor S can be deduced as, 
   
  
  
                                                                 
The incremental constitutive relation introduces a tangent operator    which is a 
fourth order elasticity tensor [18]. The relation describing the changes in stress ΔS caused 
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by the changes in deformation ΔC can be written as       
 
 
    Therefore, the 
elasticity tensor   may be defined as follows, 




   
   
                                                                     
        
   
        
                                                    
A fourth order tensor has four indices, i,j,k,l. As S and C are symmetric tensors, the 
elasticity tensor is always symmetric with respect to the first two indices and the last two 
indices, i.e.                              . 
The process of determining elasticity tensors given below is for compressible 
hyperelastic materials. Incompressibility can then be considered to be a special case of 
this framework by considering the Jacobian J to be equal to unity. Since rubber-like 
materials usually exhibit a decoupled response to volumetric (or shape preserving) 
deformations and deviatoric (or volume preserving) deformations, an additive 
decomposition of the strain energy function is introduced [34].  
                     ̅                                                       
where the volumetric part depends just on the Jacobian       ̿ and the isochoric part 
depends on the isochoric right Cauchy-Green tensor defined as  ̅       ⁄  . Using 
equations (31), (32) and (33), it is possible to deduce the corresponding decomposition 
for the stress tensor S and the tangent operator  . 
               
     
  
  
     
  
                 
     
  
  
     
  
        
In order to derive general constitutive equations for nearly incompressible hyperelastic 
materials, the strain energy   may be postulated as: 
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Therefore the second Piola-Kirchhoff tensor S takes the form [18]: 
                   
     
  
           
     
  
                       
and the volumetric stress tensor may be reformulated as: 
         
                                                                             
where the hydrostatic pressure           ⁄  has been introduced. In the case of 
incompressibility, J = 1, the hydrostatic pressure can only be calculated from the 
equilibrium equations together with the boundary conditions as shown in Section 3.3.  
The expression of      for the Ogden hyperelastic model will be calculated first in terms 
of the isochoric right Cauchy-Green tensor  ̅ and then deduced in terms of C in Section 
3.4  
From further evaluation of (3)2, the volumetric part of the tangent operator are obtained 
as, 




]                                                     
[   ]       
 
 
[              ]                                          
The isochoric part of tangent operator is shown in Section 3.4. For detailed derivation of 
the representation of the isochoric tangent operator, the reader is referred to [18], [31] and 
[33]. 
 
3.5 Elasticity Tensor (Tangent Operators) for the Ogden Model 
Since the Ogden model is formulated in terms of principal stretches, the 
eigenvalue problem of the considered strain tensor is required to be solved intrinsically 
[35]. The strain energy density for the Ogden model is formulated in terms of the 
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principal stretches λi. There exists a relationship between the stretches and the 
eigenvalues of the right Cauchy-Green tensor C, i.e.   
                . The 
eigenvectors    are also referred to as principal strain directions. With regard to the 
additive decomposition in equation (2), the following isochoric energy density is 
considered [34], 




   
[ ̅ 
    ̅ 
     ̅ 
    ]                                        
in terms of the modified principal stretches  ̅    
   ⁄   , which are the square roots of 
the eigenvalues of  ̅. The model described in equation (27) is contains 2K material 
parameters. Since we are using the 2
nd
 Order Ogden hyperelastic material model, we have 
K =2. Therefore we have 4 material parameters, i.e. the shear modulus    and 
dimensionless exponents   , for which the consistency equations ∑         , where 
  is the classical shear modulus, and        have to be satisfied [34].  
The basis {        } is an eigen basis for  ̅, allowing the representation 
 ̅   ∑  ̅ 
      . Since eigenbases of stress and strain coincide for isotropic materials 
[18], the stress tensor can be expressed as,   
      ∑    
                  
 
   
                                          
where      
            are the eigenvalues. The expression of     is obtained from 
Equation (4) by applying the chain rule and    
   ⁄         which is valid if there 
are three distinct eigenvalues [25, 28].  
      
     ( ̅ )
  
  ∑
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It can be immediately deduced that,     
     
          ⁄  by comparing coefficients 
with equation (25). To obtain a result in terms of  ̅  only, the following relation is 
introduced. 
   ̅  ⁄      
   ⁄ [     
 
 
 ̅  ̅ 
  
]                                                    
From [18], the final result for     
   in terms of the modified principal stretches and 
material parameters is given as, 
    
     
 
 [∑   ̅ 




   
 
   
 




  ]                                
A detailed derivation of the representation of the isochoric tangent operator      can be 
found in [18], [31] and [33].  
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For the expression in equation (31), the eigenvalues are distinct. If, two or even all three 
eigenvalues   
  of C are equal, the associated two or three stresses     
   are also equal. 
Hence the difference     
 
     
   
    
 ⁄  from equation (46) represents an indeterminate 
form of type 
 
 
 . However, a limit can be obtained by applying l’Hopitals rule. It can be 
shown that the difference is well defined as    approaches     
   
     
    
 
     
 
  
    
          
 
   
 
     
 
   
                                          
Consequently, the elasticity tensor given in equation (31) is valid for three cases: 
                    and           
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Now only the first part of the isochoric tangent operator      
      ⁄  needs to be 
computed. From [31] this is given as, 
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Using the value of p determined in Section 3.3, the first part of the elasticity tensor 
     is determined. The elasticity tensor can now be used to update the stress state in 
consequence of a new strain increment. The structure of the elasticity tensor is shown in 
Figure 3.1. 
The first part of the elasticity tensor      is expressed in equation (9). The value of 





   




   




   
   
  






                  
Finally, 
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The elasticity tensor can then be used to describe the changes in stress caused by the 
changes in deformation. The structure of the elasticity tensor is shown in Figure 3.1. 
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The complete process for determining elastomers is summarized and can be understood 
simply from the following flow chart shown in Figure 3.3.  
The elasticity tensors at different sets of strain levels are given in Chapter 4. 
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According to L’Hopital’s Rule this can be rewritten as  
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4.1 Optimization problem overview 
Highly compliant elastomers such as SBR are currently used in the track pads. As 
discussed earlier, the fundamental principle of this research is to reduce hysteresis losses 
in track pads by introducing linear elastic material in place of elastomer in the track pads. 
One of the key requirements is to mimic the compliance of the elastomers in the track 
pads. In [35], the meta-material requirements for the shear beam in a non-pneumatic 
wheel were successfully performed. It was known that the primary mode of deformation 
of the shear beam was due to shear. Therefore an optimization model was setup to 
determine meta-material requirements for a shear beam with 10% shear strain. However 
that is not the case for the track pad problem, where the strain history was observed to 
have complex dependency on all components of strain in the x-y plane in Chapter 2. 
Therefore a particular mode of deformation cannot be set as the target to determine meta-
material requirements.  
The complex nature of elastomer material is taken into account with the 
hyperelastic material models described in Chapters 2 and 3. Therefore, a meta-material 
designed to mimic elastomer behavior should also satisfy the characteristic stress strain 
curves of the elastomer. The nonlinearity of the elastomer can only be captured by 
determining elastic material parameters for a meta-material at set strain levels for 
different states of stress, i.e. the meta-material must follow the stress strain curves in 
uniaxial tension, equibiaxial tension and pure shear to mimic the material behavior of the 
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elastomer. The elastic material parameters are obtained from the elasticity tensors 
(tangent operators) for the particular strain level. An optimization model must be 
developed to determine the unit-cell topology that will satisfy these parameters at the set 
of strain levels. In this chapter, a step by step procedure is given to determine tangent 
operators at strain level sets for different modes of stress.  
 
4.2 Elasticity Tensor determination 
The first step in determining the elasticity tensors is to determine the hyperelastic 
material constants for the Ogden model. Theses constants are listed in Table 2.1 of 
Chapter 2. Therefore, the first inputs for determining elasticity tensors are the material 
parameters for the 2
nd
 order Ogden hyperelastic material model, i.e.               .The 
next step is to choose the strain level and determine the stretches in principal directions. 
The following procedure will determine the elasticity tensor for 10% strain due to 
uniaxial tension, for which the stretches in the principal directions               
   
   ⁄        ⁄  are given as inputs. The Matlab code for determining elasticity tensors 
is given in Appendix A.  
The isochoric free energy density for the Ogden model is given by, 




   
[ ̅ 
    ̅ 
     ̅ 
    ]  ℎ     ̅    
   ⁄      
The deformation gradient is given as follows, 
   [
    
    
    
]  [
     
       ⁄  




The right Cauchy strain tensor is given as, 
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] 
The eigenvalues and eigenvectors of the Cauchy strain tensor are given as, 
  
          
     
             













The second Piola Kirchoff Stress tensor is determined in two parts from isochoric 
terms and volumetric terms. The isochoric part of the stress tensor is determined from the 
following relations, 
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]                   
 
      ∑    
 
 
   
      
 
      [
      
       
       
] 
 
The volumetric part of the stress tensor is calculated by determining the hydrostatic 
pressure p from the equilibrium equations together with the boundary conditions. 
     
     
   
           
          
    [
       
       
       
] 
Finally the second Piola Kirchoff Stress tensor is given as, 
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               [
      
   
   
] 
Now, the elasticity tensors (tangent operators) are also determined by their two 
parts, the isochoric one and the volumetric one. The isochoric part of the elasticity tensors 
is given by the following relation,  
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The volumetric part of the elasticity tensor is given by the following relations, 




]                    
 ℎ    [   ]       
 
 
[              ] 
Finally, the elasticity tensor (tangent operators) for this particular strain level can be 
computed (See appendix A for Matlab code), and is given as follows, 
    







    
     
     
    
    
    
     
    
     
    
    
    
     
     
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    







To calculate the elasticity tensor for equibiaxial tension at 10% strain level, the 
input for the principal stretches should be modified and given as,              
   
        . The corresponding elasticity tensor is determined using the same approach 
above and is found to be the following, 
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 Similarly the principal stretches for pure shear state are given as,           
        
        . The corresponding elasticity tensor is determined to be the 
following, 
 
    







    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    







This process must be repeated at different strain levels to determine the elasticity tensor 
at each of the strain level for the different stress states. 
 
4.3 Optimization process 
On observing the elasticity tensors it is found that there are 9 material parameters 
that need to be targeted at each strain level. Therefore, the design targets for all the 
optimization problems are the 9 linear elastic meta-material parameters  11,  22,  33,  44, 
 55,  66,  12,  23,  13. These design targets were determined at different sets of strain 
levels as shown in Figure 4.1. The stress values obtained from the procedure were 
matched at the different strain levels at which the elasticity tensors were determined. The 





































Table 4.1: Elasticity Tensor parameters at each strain level 
Stress 
State 
   11  22  33  44  55  66  12  23  13 
Uniaxial 
Tension 
1.1 2.59 4.59 4.59 1.80 2.57 1.80 -0.26 -0.54 -0.26 
1.2 2.16 6.46 6.46 1.42 2.84 1.42 0.67 0.78 0.67 
1.3 1.83 8.83 8.83 1.15 3.16 1.15 1.37 2.51 1.37 
1.4 1.58 11.94 11.94 0.95 3.58 0.95 1.89 4.77 1.89 
1.5 1.42 16.15 16.15 0.81 4.17 0.81 2.30 7.81 2.30 
1.6 1.32 22.06 22.06 0.69 5.06 0.69 2.61 11.94 2.61 




1.1 4.35 4.35 13.64 0.85 2.19 0.85 2.64 4.19 4.19 
1.2 4.72 4.72 42.15 0.12 2.04 2.04 4.49 12.30 12.30 
1.3 4.73 4.73 110.3 -0.24 1.90 1.90 5.22 23.30 23.30 
Pure 
Shear 
1.1 3.16 4.63 6.78 1.31 2.66 1.92 0.88 1.01 0.94 
1.2 2.97 6.16 12.78 0.63 3.01 1.61 2.46 4.50 3.26 
1.3 2.71 7.75 22.14 0.16 3.38 1.36 3.50 9.08 5.48 
1.4 2.46 9.48 36.42 -0.15 3.75 1.17 4.17 14.97 7.60 
1.5 2.26 11.44 57.91 -0.36 4.13 1.02 4.61 22.49 9.66 
1.6 2.09 13.76 90.16 -0.51 4.51 0.90 4.90 32.06 11.67 
 
From Chapter 2 we know that the maximum strain is about 30% due to the 
shearing effect at the elastomer and metal bonded surface. Therefore the primary 
objective of the meta-material unit-cell can be set to satisfy the planar tension (pure 
shear) stress strain curve. The determined unit-cell topology must satisfy the constraints 
on the compressive and tensile strains. Therefore, a simplified optimization formulation 
can be given as follows, 
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Objectives: a.   Minimize (metaNE12 – sbrNE12)
2 
Constraints:  a. metaNE11 ≤ 10% 
b. metaNE22 ≤ 10% 
where metaNEij are the nominal strain components of the meta-material and sbrNEij are 
the nominal strain components of the SBR material. 
An alternate approach would be to target the strain due to compression because 
the main mode of loading is the compressive load on track pad due to the weight of the 
vehicle. For this approach, the primary objective would be to satisfy the equibiaxial stress 
strain curve. The unit-cell topology determined would have to satisfy the maximum shear 
strain conditions near the elastomer metal bonds. In this case, the problem may be 
considered to be a single objective constrained optimization problem. The optimization 
model for this approach can be given as follows, 
Objective: a.   Minimize (metaNE22 – sbrNE22)
2 
Constraints:  a. metaNE12 ≤ 30% 
b. metaNE11 ≤ 10% 
However, in Chapter 2 we observe that the strain history of the track pad has a 
complex dependency on all the strain components. The unit-cell topology of the meta-
material must be designed such that it satisfies all the three elasticity tensors to mimic the 
material behavior of an elastomer strained to different strain levels for the discussed 
stress states. Therefore, the optimization formulation must take multiple strain levels into 
account to determine the optimal unit-cell topology such that the linear elastic meta-
material mimics the elastomer material behavior. The best way to obtain such behavior 
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would be to simultaneously target all the three stress-strain curves that characterize 
elastomer material behavior. This makes the optimization problem formulation very 
difficult since there will be a high number of objective functions to satisfy. The multi 
objective topology optimization formulation at each strain level can be given as follows, 
Objectives: a.   Minimize (metaNE11 – sbrNE11)
2 
b.   Minimize (metaNE22 – sbrNE22)
2 
c.   Minimize (metaNE12 – sbrNE12)
2 
The solution approach employed to solve these optimization problems will be considered 
in future work.  
 The underlying idea is that linear elastic meta-material will mimic the behavior of 
elastomer if it satisfies the elasticity tensors for the characteristic stress strain curves 
shown in Figure 4.1. Therefore, elasticity tensors in this chapter were only developed for 
pure stress states. When considering pure stress states, the strain tensor is determined by 
using stretch values in the principal directions. However, the strain tensors extracted from 
3D FE models can be directly utilized in the methodology for determining elasticity 











RESEARCH CONTRIBUTIONS AND FUTURE WORK 
 
 
5.1 Research Contributions 
The material requirements of a highly durable tank track pad are determined by a 
systematic approach. The uniqueness of the track pad in the current work is attributed to 
the use of linear elastic materials in place of elastomers in order to eliminate inherent 
hysteresis losses due to cyclic loading on track pad by the road wheel. Static and dynamic 
numerical analyses were conducted on the tank track pad in the current configuration. A 
complex dependence of the strain history on the different strain components due to non-
linear nature of elastomeric material necessitated a complex methodology of determining 
linear elastic meta-material requirements at different sets of strain levels.  
Using elasticity tensors (tangent operators) which are used in hyperelastic models 
to update stress state in consequence of a strain increment was determined to be the best 
method to be used for determining equivalent linear elastic meta-material parameters for 
a given strain level. The procedure to determine elasticity tensors (tangent operators) and 
its application for the tank track pad problem are discussed in this work.  
The described optimization models can be used by meta-material design engineer 
who can choose the material constants depending upon manufacturing constraints and on 
which optimization model has been chosen. The methodology described in this work is 
based on determining tangent operators for strain tensors which have been derived only 
for pure stress states. However these strain tensors can also be determined when the strain 
history has complex dependency on multiple strain components. This would require 3D 
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FEA models to extract all the strain components. Therefore, this methodology can easily 
be extended to include complex loading conditions by determining tangent operators for 
strain tensors using 3D FEA models. 
Finally, form the work done in this research; it was observed that the failure in 
elastomers has a complex dependency on different stress and strain components. But, the 
primary mode of loading and the main cause of hysteresis is the cyclic compressive 
loading exerted by the road wheel on the track pad. Due to the complex strain history, it 
was determined that the best method to extract meta-material elastic properties was by 
determining tangent elasticity tensors for “pure-stress” states at different sets of strain 
levels. These tensors can then be used as constitutive equations to determine meta-
material unit-cell topology.  
 
5.2 Future Work 
This research was motivated by the need to determine meta-material properties of 
the track pad with low hysteresis losses and high durability. One of the key future 
contributions would be to tailor a meta-material using the requirements determined in this 
study. The validation of the resulting meta-material can be realized by replacing the 
homogenous elastomer regions in tank track pads by the meta-material and comparing the 
structural responses of the track pad assembly.  
As an improvement to this study, the future work can be focused towards 
determination of meta-materials by exercising the Finite Element Analysis to perform 3D 
dynamic simulations under more realistic off-road loading condition. The effect of 
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localized loads which might be encountered on uneven terrain can result in localized 
tensile loads within track pad and can be an interesting case study. The study of shear 
loads on ground pads, while negotiating turns, might lead to interesting surface meta-
material requirements. Additionally, the effects of friction on the heat generated on the 
surface of tank track pads need to be studied using thermal FE models. A simple dynamic 
analysis simulating 0.02seconds of the rollover event takes about 35 minutes on a 
computer with 2.30 GHz Intel Core i5 Processor and 4GB RAM. The computational 
effort associated in performing similar studies for complex real-time load conditions will 
be very demanding. The setups to determine optimization models for such cases should 















Appendix A: MATLAB Script 
The following Matlab script is used to determine elasticity tensors (tangent operators) at 
different sets of strain levels. 
 
 








P = zeros(3,3); %Nominal Stress matrix 
  
%% Taking inputs for lambda 
prompt = 'Enter lambda value..'; 
lambda = input(prompt); 
prompt = 'For Uniaxial: Enter 1\nFor Equi-biaxial: Enter 2\nFor Pure 
Shear: Enter 3\n'; 
state = input(prompt); 
  
%% Calculating principal nominal stresses for chosen stress state. 
if state == 1 
    F = [lambda 0 0; 0 sqrt(1/lambda) 0; 0 0 sqrt(1/lambda)]; 
    P(1,1) = (mu(1))*((lambda^(ak(1)-1)) - (lambda^(-0.5*ak(1)-1))) + 
(mu(2))*((lambda^(ak(2)-1)) - (lambda^(-0.5*ak(2)-1))) + 
(mu(3))*((lambda^(ak(3)-1)) - (lambda^(-0.5*ak(3)-1)));  
end 
if state == 2  
    F = [lambda 0 0; 0 lambda 0; 0 0 (1/lambda)^2]; 
    P(1,1) = (mu(1))*((lambda^(ak(1)-1)) - (lambda^(-2*ak(1)-1))) + 
(mu(2))*((lambda^(ak(2)-1)) - (lambda^(-2*ak(2)-1))) + 
(mu(3))*((lambda^(ak(3)-1)) - (lambda^(-2*ak(3)-1)));  
    P(2,2) = (mu(1))*((lambda^(ak(1)-1)) - (lambda^(-2*ak(1)-1))) + 
(mu(2))*((lambda^(ak(2)-1)) - (lambda^(-2*ak(2)-1))) + 
(mu(3))*((lambda^(ak(3)-1)) - (lambda^(-2*ak(3)-1)));  
end 
if state == 3 
    F = [lambda 0 0; 0 1 0; 0 0 (1/lambda)]; 
    P(1,1) = (mu(1))*((lambda^(ak(1)-1)) - (lambda^(-ak(1)-1))) + 
(mu(2))*((lambda^(ak(2)-1)) - (lambda^(-ak(2)-1))) + 





%% Determining right Cauchy Strain Tensor for further evaluations 
Cn = transpose(F)*F; 
V = [1,0,0;0,1,0;0,0,1]; 
ld(1) = sqrt(Cn(1,1)); ld(2) = sqrt(Cn(2,2)); ld(3)=sqrt(Cn(3,3)); 
  
%% Calculating Siso terms 
t101 = mu(1)*(ld(1)^(ak(1)-2)); 
t102 = mu(2)*(ld(1)^(ak(2)-2)); 
t103 = mu(3)*(ld(1)^(ak(3)-2)); 
t104 = mu(1)*(ld(1)^(ak(1)))/(ld(1)*ld(1)); 
t105 = mu(2)*(ld(1)^(ak(2)))/(ld(1)*ld(1)); 
t106 = mu(3)*(ld(1)^(ak(3)))/(ld(1)*ld(1)); 
t107 = mu(1)*(ld(2)^(ak(1)))/(ld(1)*ld(1)); 
t108 = mu(2)*(ld(2)^(ak(2)))/(ld(1)*ld(1)); 
t109 = mu(3)*(ld(2)^(ak(3)))/(ld(1)*ld(1)); 
t110 = mu(1)*(ld(3)^(ak(1)))/(ld(1)*ld(1)); 
t111 = mu(2)*(ld(3)^(ak(2)))/(ld(1)*ld(1)); 




t201 = mu(1)*(ld(2)^(ak(1)-2)); 
t202 = mu(2)*(ld(2)^(ak(2)-2)); 
t203 = mu(3)*(ld(2)^(ak(3)-2)); 
t204 = mu(1)*(ld(1)^(ak(1)))/(ld(2)*ld(2)); 
t205 = mu(2)*(ld(1)^(ak(2)))/(ld(2)*ld(2)); 
t206 = mu(3)*(ld(1)^(ak(3)))/(ld(2)*ld(2)); 
t207 = mu(1)*(ld(2)^(ak(1)))/(ld(2)*ld(2)); 
t208 = mu(2)*(ld(2)^(ak(2)))/(ld(2)*ld(2)); 
t209 = mu(3)*(ld(2)^(ak(3)))/(ld(2)*ld(2)); 
t210 = mu(1)*(ld(3)^(ak(1)))/(ld(2)*ld(2)); 
t211 = mu(2)*(ld(3)^(ak(2)))/(ld(2)*ld(2)); 




t301 = mu(1)*(ld(3)^(ak(1)-2)); 
t302 = mu(2)*(ld(3)^(ak(2)-2)); 
t303 = mu(3)*(ld(3)^(ak(3)-2)); 
t304 = mu(1)*(ld(1)^(ak(1)))/(ld(3)*ld(3)); 
t305 = mu(2)*(ld(1)^(ak(2)))/(ld(3)*ld(3)); 
t306 = mu(3)*(ld(1)^(ak(3)))/(ld(3)*ld(3)); 
t307 = mu(1)*(ld(2)^(ak(1)))/(ld(3)*ld(3)); 
t308 = mu(2)*(ld(2)^(ak(2)))/(ld(3)*ld(3)); 
t309 = mu(3)*(ld(2)^(ak(3)))/(ld(3)*ld(3)); 
t310 = mu(1)*(ld(3)^(ak(1)))/(ld(3)*ld(3)); 
t311 = mu(2)*(ld(3)^(ak(2)))/(ld(3)*ld(3)); 






STiso = SIiso(1)*(V(:,1)*( V(:,1)')) + SIiso(2)*(V(:,2)*( V(:,2)')) + 
SIiso(3)*(V(:,3)*( V(:,3)')); 
  
%% Determining STvol 
if state == 1 
    p = STiso(2,2)*(1/lambda); 
end 
if state == 2 
    p = STiso(3,3)*(1/lambda)^4; 
end 
if state == 3 
    p = STiso(3,3)*(1/lambda)^2; 
end 
  
STvol = p*inv(Cn); 
  
%% Determining 2nd Piola-Kirchoff Stress Tensor 
S = STiso - STvol; 
  
%% Evaluating Nominal Strain Matrix 
N = F'*S; 
  
%% Evaluating ciso 
  
dSdl = zeros(3,3); 
for i = 1:1:3 
    dSdl(1,1) = dSdl(1,1) + 
((mu(i))*((ld(1)*ld(2)*ld(3))^ak(i))/(9*ld(1)*ld(1)*ld(1))) * 
(4*(ak(i)-3)*(ld(1)^ak(i)) + (ak(i)+6)*(ld(2)^ak(i) + ld(3)^ak(i))); 
    dSdl(2,2) = dSdl(2,2) + 
((mu(i))*((ld(1)*ld(2)*ld(3))^ak(i))/(9*ld(2)*ld(2)*ld(2))) * 
(4*(ak(i)-3)*(ld(2)^ak(i)) + (ak(i)+6)*(ld(3)^ak(i) + ld(1)^ak(i))); 
    dSdl(3,3) = dSdl(3,3) + 
((mu(i))*((ld(1)*ld(2)*ld(3))^ak(i))/(9*ld(3)*ld(3)*ld(3))) * 
(4*(ak(i)-3)*(ld(3)^ak(i)) + (ak(i)+6)*(ld(2)^ak(i) + ld(1)^ak(i))); 
    dSdl(1,2) = dSdl(1,2) + 
(mu(i)*ak(i)*((ld(1)*ld(2)*ld(3))^ak(i))/(9*ld(1)*ld(1)*ld(2)))*(-
2*(ld(1)^(ak(i))) -2*(ld(2)^(ak(i))) + (ld(3)^(ak(i)))); 
    dSdl(2,1) = dSdl(2,1) + 
(mu(i)*ak(i)*((ld(1)*ld(2)*ld(3))^ak(i))/(9*ld(2)*ld(2)*ld(1)))*(-
2*(ld(1)^(ak(i))) -2*(ld(2)^(ak(i))) + (ld(3)^(ak(i)))); 
    dSdl(1,3) = dSdl(1,3) + 
(mu(i)*ak(i)*((ld(1)*ld(2)*ld(3))^ak(i))/(9*ld(1)*ld(1)*ld(3)))*(-
2*(ld(1)^(ak(i))) -2*(ld(3)^(ak(i))) + (ld(2)^(ak(i)))); 
    dSdl(3,1) = dSdl(3,1) + 
(mu(i)*ak(i)*((ld(1)*ld(2)*ld(3))^ak(i))/(9*ld(3)*ld(3)*ld(1)))*(-
2*(ld(1)^(ak(i))) -2*(ld(3)^(ak(i))) + (ld(2)^(ak(i)))); 
    dSdl(2,3) = dSdl(2,3) + 
(mu(i)*ak(i)*((ld(1)*ld(2)*ld(3))^ak(i))/(9*ld(2)*ld(2)*ld(3)))*(-
2*(ld(2)^(ak(i))) -2*(ld(3)^(ak(i))) + (ld(1)^(ak(i)))); 
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    dSdl(3,2) = dSdl(3,2) + 
(mu(i)*ak(i)*((ld(1)*ld(2)*ld(3))^ak(i))/(9*ld(3)*ld(3)*ld(2)))*(-
2*(ld(2)^(ak(i))) -2*(ld(3)^(ak(i))) + (ld(1)^(ak(i)))); 
end 
  
ciso = zeros(9,9); 
for a = 1:1:3 
    for b =1:1:3 
        A1 = V(:,a)*(V(:,a)'); 
        B1 = V(:,b)*(V(:,b)'); 
        A2 = V(:,a)*(V(:,b)'); 
        B2 = V(:,a)*(V(:,b)'); 
        A3 = V(:,a)*(V(:,b)'); 
        B3 = V(:,b)*(V(:,a)'); 
        if a == b 
            z=0; 
        end 
        if a~=b 
            if ld(b) == ld(a) 
                z = (0.5/ld(b))*(dSdl(b,b) - dSdl(a,b)); 
            else 
                z = ((SIiso(b) - SIiso(a))/ (ld(b)*ld(b) - 
ld(a)*ld(a))); 
            end 
        end 
         
        for i=1:1:3 
            for j=1:1:3 
                for k=1:1:3 
                    for l=1:1:3 
                if (i==1 && j==1) 
                    r=1; 
                end 
                if (i==2 && j==2) 
                    r=2; 
                end 
                if (i==3 && j==3) 
                    r=3; 
                end 
                if (i==1 && j==2) 
                    r=4; 
                end 
                if (i==2 && j==3) 
                    r=5; 
                end 
                if (i==3 && j==1) 
                    r=6; 
                end 
                if (i==2 && j==1) 
                    r=7; 
                end 
                if (i==3 && j==2) 
                    r=8; 
 
 70 
                end 
                if (i==1 && j==3) 
                    r=9; 
                end 
                                 
                if (k==1 && l==1) 
                    c=1; 
                end 
                if (k==2 && l==2) 
                    c=2; 
                end 
                if (k==3 && l==3) 
                    c=3; 
                end 
                if (k==1 && l==2) 
                    c=4; 
                end 
                if (k==2 && l==3) 
                    c=5; 
                end 
                if (k==3 && l==1) 
                    c=6; 
                end 
                if (k==2 && l==1) 
                    c=7; 
                end 
                if (k==3 && l==2) 
                    c=8; 
                end 
                if (k==1 && l==3) 
                    c=9; 
                end 
                 
                ciso(r,c) = ciso(r,c) + 
(dSdl(a,b)/ld(b))*(A1(i,j)*B1(k,l)) + z*((A2(i,j)*B2(k,l)) + 
(A3(i,j)*B3(k,l))); 
                    end 
                end 
            end 
        end 
    end 
end 
  
%% Evaluating cvol 
invC = inv(Cn); 
cvol = zeros(9,9); 
for i=1:1:3 
    for j=1:1:3 
        for k=1:1:3 
            for l=1:1:3 
                if (i==1 && j==1) 
                    r=1; 
                end 
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                if (i==2 && j==2) 
                    r=2; 
                end 
                if (i==3 && j==3) 
                    r=3; 
                end 
                if (i==1 && j==2) 
                    r=4; 
                end 
                if (i==2 && j==3) 
                    r=5; 
                end 
                if (i==3 && j==1) 
                    r=6; 
                end 
                if (i==2 && j==1) 
                    r=7; 
                end 
                if (i==3 && j==2) 
                    r=8; 
                end 
                if (i==1 && j==3) 
                    r=9; 
                end 
                                 
                if (k==1 && l==1) 
                    c=1; 
                end 
                if (k==2 && l==2) 
                    c=2; 
                end 
                if (k==3 && l==3) 
                    c=3; 
                end 
                if (k==1 && l==2) 
                    c=4; 
                end 
                if (k==2 && l==3) 
                    c=5; 
                end 
                if (k==3 && l==1) 
                    c=6; 
                end 
                if (k==2 && l==1) 
                    c=7; 
                end 
                if (k==3 && l==2) 
                    c=8; 
                end 
                if (k==1 && l==3) 
                    c=9; 
                end 
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                cvol(r,c) = cvol(r,c) + (p + 
(2/3)*p*(ak(1)+ak(2)+ak(3)))*(invC(i,j)*invC(k,l)) - 
p*(invC(i,k)*invC(j,l) + invC(i,l)*invC(j,k)); 
                 
            end 
        end 
    end 
end 
  
%% Determining Elasticity Tensor 
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